For an undirected graph ¢ without self-loop, we prove: (i) that the number of closed patterns in the adjacency matrix of ¢ is even; (ii) that the number of the closed patterns is precisely double the number of maximal complete bipartite subgraphs of ¢ ; (iii) that for every maximal complete bipartite subgraph, there always exists a unique and distinct pair of closed patterns that matches the two vertex sets of the subgraph. Therefore, we can efficiently enumerate all maximal complete bipartite subgraphs by using algorithms for mining closed patterns which have been extensively studied in the data mining field.
Introduction
Interest in graphs and their applications has grown exponentially in the past two decades (Gross & Yellen, 2004; Makino & Uno, 2004) , largely due to the usefulness of graphs as models in many areas such as mathematical research, electrical engineering, computer programming, business administration, sociology, economics, marketing, biology, and networking and communications. In particular, many problems can be modelled with maximal complete bipartite subgraphs (see the definition below) formed by grouping two non-overlapping subsets of vertices of a certain graph that show a kind of full connectivity between them.
We consider two examples. Suppose there are £ customers in a mobile communication network. Some people have a wide range of contact, while others have few. Which groups of customers (with a maximal number) have a full interaction with another group of customers, a problem similar to one (Murata, 2004 ) studied in web mining? This situation can be modelled by a graph where a mobile phone customer is a node and a communication is an edge. Thus, a maximal bipartite subgraph of this graph corresponds to two groups of customers between whom there exist a full communication. Our second example is about proteins' interaction in a cell. There are usually thousands of proteins in a cell that interact with one another. This situation again can be modelled by a graph, where a protein is a node and a pair of interacting proteins forms an edge. Then, listing all maximal complete bipartite subgraphs from this graph can answer questions such as which two protein groups have a full interaction, which is a problem studied in biology (Reiss & Schwikowski, 2004; Tong et al., 2002) .
transactional databases (Bastide et al., 2000; Goethals & Zaki, 2003; Grahne & Zhu, 2003; Uno et al., 2004; Pan et al., 200 3; Pasquier et al., 1999; Pei et al., 2000; Wang et al., 2003; Zaki & Hsiao, 2002) . The data structures are efficient and the mining speed is tremendously fast. Our main contribution here is the observation that the mining of closed patterns from the adjacency matrix of a graph, termed a special transactional database, is equivalent to the problem of enumerating all maximal complete bipartite subgraphs of this graph.
The rest of this short paper is organized as follows: Sections 2 and 3 provide basic definitions and propositions on graphs and closed patterns. In Section 4 we prove that there is a one-to-one correspondence between closed pattern pairs and maximal complete bipartite subgraphs for any simple graph. In Section 5, we present our experimental results on a proteins' interaction graph. Section 6 discusses some other related work and then concludes this paper. 
Maximal Complete Bipartite Subgraphs
is maximal in the sense that there is no other complete bipartite subgraph
. To appreciate this notion of maximality, we prove the proposition below. 
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Closed Patterns of an Adjacency Matrix
The adjacency matrix of a graph is important in this study. Let ! be a graph with
Recall that our graphs do not have self-loop and are undirected. Thus is a symmetric matrix and every entry on the main diagonal is 0. Also,
The adjacency matrix of a graph can be interpreted into a transactional database ( r ), which is a concept used very often in the data mining community. To define a r
, we first define a transaction. Let be a set of items. Then a transaction is defined as a subset of . In this paper, unless mentioned otherwise, we consider only patterns that appear in a given transactional database r
. In fact, for data mining, we are often interested only in patterns that appear sufficiently frequent. That is, we consider only patterns
, for a threshold j P
. Unless mentioned otherwise, we set j P "
in this paper.
Let
! be a graph with
is defined as an item, then the neighborhood 
, it can be seen that " ¥ ¢
. So, "a pattern of r (
" is equivalent to "a pattern of the adjacency matrix of
Closed patterns are a type of interesting patterns in a r . In the last few years, the problem of efficiently mining closed patterns from a large r has attracted a lot of researchers in the data mining community (Bastide et al., 2000; Goethals & Zaki, 2003; Grahne & Zhu, 2003; Uno et al., 2004; Pan et al., 2003; Pasquier et al., 1999; Pei et al., 2000; Wang et al., 2003; Zaki & Hsiao, 2002 
-that is, the set of items which are shared by all transactions in l 
There is also a nice connection between the notions of neighborhood in a graph and that of closure of patterns in the corresponding transactional database. 
We discuss in the next section deeper relationships between the closed patterns of r ( and the maximal complete bipartite subgraphs of ! .
Results
The occurrence set of a closed pattern 
Proof: The left-to-right direction is trivial. To prove the right-to-left direction, let us suppose that
. Then we get 
is a closed pattern.
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The three propositions above give rise to a couple of interesting corollaries below. 
are all closed patterns of ( 
We list its closed patterns, their support, and their ¶ · · ¥ G Ç counterpart patterns below: 
, as required.
The above two theorems say that maximal complete bipartite subgraphs of ! are all in the form of 
is a maximal complete bipartite subgraph of ! . So, there is a one-to-one correspondence between maximal complete bipartite subgraphs and closed pattern pairs.
We can also derive a corollary linking support threshold of ( to the density of maximal complete bipartite subgraphs of 
. 
Experimental Results
We use an example to demonstrate the efficiency of listing all maximal complete bipartite subgraphs by using an algorithm for mining closed patterns. The graph is a protein interaction network with proteins as vertices and interactions as edges.
As there are many physical protein interaction networks corresponding to different species, here we take the simplest and most comprehensive yeast physical and genetic interaction network (Breitkreutz et al., 2003) as an example. This graph consists of 4904 vertices and 17440 edges (after removing 185 self loops and 1413 redundant edges from the original 19038 interactions). Therefore, the adjacency matrix is a transactional database with 4904 items and 4904 transactions. On average, the number of items in a transaction is 3.56. That is, the average size of the neighborhood of a protein is 3.56.
We use FPclose* (Grahne & Zhu, 2003) , a state-of-the-art algorithm for mining closed pattern, for enumerating the maximal complete bipartite subgraphs. Our machine is a PC with a CPU clock rate 3.2GHz and 2GB of memory. The results are reported in Table 1 , where the second column shows the total number of frequent close patterns whose support level is at least the threshold number in the column one. The third column of this table shows the number of close patterns whose cardinality and support are both at least the support threshold; all such closed patterns are termed qualified closed patterns. Only these qualified closed patterns can be used to form maximal complete bipartite subgraphs 
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The number of all closed patterns (corresponding to those with the support threshold of 1) is even. Moreover, the number of qualified close patterns with cardinality no less than any support level is also even, as expected from Corollary 4.6.
The algorithm is efficient-The algorithm takes less than 4 seconds to complete the program for all situations reported here. This indicates that enumerating all maximal complete bipartite subgraphs from a large graph can be efficiently solved by using algorithms for mining closed patterns.
A so-called "many-few" property (Maslov & Sneppen, 2002 ) of protein interactions is observed again in our experiment results. The "many-few" property says that: a protein that interacts with lots of other proteins tends not to interact with another protein that interacts with lots of other proteins (Maslov & Sneppen, 2002) . This is most clearly seen in Table 1 at the higher support thresholds. For example, at the support threshold 11, there are 12402 protein groups that have full interactions with at least 11 proteins. But there are only two groups that each contain at least 11 proteins and that have full mutual interaction.
Discussion and Conclusion
There are two recent research results related to our work. The problem of enumerating all maximal complete bipartite subgraphs (called maximal bipartite cliques there) from a bipartite graph has been investigated by (Makino & Uno, 2004) . The difference is that our work is to enumerate all the subgraphs from any graphs (without self loops and undirected), but Makino and Uno's work is limited to enumerating from only bipartite graphs. So, our method is more general. Zaki (Zaki & Ogihara, 1998) observed that a transactional database can be represented by a bipartite graph Y , and also a relation that closed patterns (wrongly stated as maximal patterns in (Zaki & Ogihara, 1998) ) of r one-to-one correspond to maximal complete bipartite subgraphs (called maximal bipartite clique there) of Y . However, our work is to convert a graph ! , including bipartite graphs, into a special transactional database (
, and then to discover all closed patterns ( for enumerating all maximal complete bipartite subgraphs of ! . Furthermore, the occurrence set of a closed pattern of Zaki's work may not be a closed pattern, but that of ours is always a closed pattern.
Finally, let's summarize the results achieved in this paper. We have studied the problem of listing all maximal complete bipartite subgraphs from a graph. We proved that this problem is equivalent to the mining of all closed patterns from the adjacency matrix of this graph. Experimental results on a large protein interactions' data show that our method is efficient and the listing is fast.
